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Optimal Siting and Sizing of Distributed Generators
in Distribution Systems Considering Uncertainties
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Abstract—Some uncertainties, such as the uncertain output
power of a plug-in electric vehicle (PEV) due to its stochastic
charging and discharging schedule, that of a wind generation unit
due to the stochastic wind speed, and that of a solar generating
source due to the stochastic illumination intensity, volatile fuel
prices, and future uncertain load growth could lead to some risks
in determining the optimal siting and sizing of distributed genera-
tors (DGs) in distribution system planning. Given this background,
under the chance constrained programming (CCP) framework,
a new method is presented to handle these uncertainties in the
optimal siting and sizing of DGs. First, a mathematical model of
CCP is developed with the minimization of the DGs’ investment
cost, operating cost, maintenance cost, network loss cost, as well
as the capacity adequacy cost as the objective, security limitations
as constraints, and the siting and sizing of DGs as optimization
variables. Then, a Monte Carlo simulation-embedded genetic-al-
gorithm-based approach is employed to solve the developed CCP
model. Finally, the IEEE 37-node test feeder is used to verify the
feasibility and effectiveness of the developed model and method,
and the test results have demonstrated that the voltage profile
and power-supply reliability for customers can be significantly
improved and the network loss substantially reduced.

Index Terms—Chance-constrained programming, distributed
generator, distribution system, genetic algorithm, Monte Carlo
simulation, plug-in electric vehicle, siting and sizing.

I. INTRODUCTION

W ITH THE progressing exhaustion of fossil energy, the
limitation of available transmission corridors and the

gradual increase in the global temperature, rapid development
of distributed generators (DGs) has been observed around the
world. Although the employment of DGs is helpful for post-
poning transmission investment, reducing primary energy con-
sumption, decreasing the emission of greenhouse gases, and,
hence, alleviating global warming, the extensive penetration of
DGs could lead to some risks to the secure and economic oper-
ation of power systems.
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Due to the increasing penetration of DGs in distribution sys-
tems, the siting and sizing of DGs in distribution system plan-
ning is becoming increasingly important. Inappropriate siting
and sizing of DGs could lead to many negative effects on the
distribution systems concerned, such as the relay system con-
figurations, voltage profiles, and network losses. Another issue
is that more attention is being paid to the applications of the
plug-in electric vehicle (PEV) [1]–[3]. However, some uncer-
tainties, such as the stochastic output power of a PEV due to
its random charging and discharging schedule [4]–[6], that of
a wind power unit due to the frequently variable wind speed,
and that of a solar generating source due to the stochastic il-
lumination intensity, volatile fuel prices, and future uncertain
load growth could lead to some risk in determining the optimal
siting and sizing of DGs in distribution system planning [7], [8].
Hence, the optimal siting and sizing of DGs need to be care-
fully considered in distribution system planning. In this paper,
for the simplicity of presentation, the load power of a PEV in
the charging condition is regarded as the negative output power
of the PEV and negative input power to the system concerned.
Therefore, the load power of a PEV in both charging and dis-
charging conditions is called “output power” of the PEV. More-
over, the PEV is regarded as a kind of DG with stochastic output
power.

Presently, a large number of research papers are available on
the subject of the optimal siting and sizing of DGs [9]–[17].
However, most of them are based on deterministic methods. For
example, in [10], analytical methods are presented to determine
the optimal location of a DG in radial as well as networked sys-
tems with the minimization of the network loss as the objective;
in [13], the fuzzy goal programming is employed to determine
the optimal placement of DGs for loss reduction and voltage im-
provement in distribution systems. A simple yet conventional it-
erative search technique is combined with the Newton–Raphson
load-flow method for finding the optimal sizing and placement
of DGs in [16], and the modified IEEE 6-bus, IEEE 14-bus, and
IEEE 30-bus test systems are employed to demonstrate the de-
veloped method. In [17], an equivalent current injection-based
loss sensitivity factor is used to determine the optimal locations
and sizes of DGs by an analytical method with minimization of
the total power losses as the objective. A new approach is pro-
posed in [18] to optimally determine the locations and sizes of
DGs in a large mesh-connected system. Three indices including
the losses, voltage profile, and short-circuit level are used to de-
termine the optimal locations and sizes of DGs. In these papers,
some deterministic mathematical models are employed to for-
mulate the optimal siting and sizing of DGs, and generally, the
mathematical models that are obtained are mixed-integer non-

0885-8977/$26.00 © 2011 IEEE



2542 IEEE TRANSACTIONS ON POWER DELIVERY, VOL. 26, NO. 4, OCTOBER 2011

Fig. 1. Flowchart of the developed CCP-based method for optimal siting and
sizing of DGs in distribution system planning.

linear programming ones with multiple variables and constraints
included.

As previously mentioned, there are some uncertainties asso-
ciated with the optimal siting and sizing of DGs in distribution
system planning. Given this background, under the CCP frame-
work, a new method is presented to handle the risks brought by
these uncertainties in the optimal siting and sizing of DGs. First,
a mathematical model of CCP is developed with the minimiza-
tion of the DGs’ investment cost, operating cost, maintenance
cost, network loss cost, as well as the capacity adequacy cost as
the objective, security limitations as constraints, and the siting
and sizing of DGs as optimization variables. Then, a Monte
Carlo simulation embedded genetic-algorithm approach is de-
veloped to solve the developed CCP model. Finally, the IEEE
37-node test feeder is employed to verify the feasibility and ef-
fectiveness of the developed model and method, and test results
have demonstrated that the voltage profile and power-supply re-
liability can be significantly improved and the network loss sub-
stantially reduced.

The major components of the CCP-based optimal siting and
sizing of DGs in distribution system planning are outlined in
Fig. 1, and details will be clarified in the following sections.

II. MODELING OF UNCERTAINTIES

A. Output-Power Uncertainty of PEVs

According to the charging-discharging characteristics of the
PEV’s battery, the recently established vehicle-to-grid (V2G)
technology can make the battery release the stored electrical en-
ergy in peak load periods to mitigate the power-supply shortage
and absorb the electrical energy in off-peak, especially valley
periods in order to smooth the load curve. Moreover, the nega-
tive effects of intermittent DGs, such as wind units and solar

Fig. 2. Weibull distribution of the wind speed.

generating sources on the secure and economic operation of
power systems, can be alleviated if the charging and discharging
of PEVs could be properly scheduled. To make full use of the
aforementioned advantages and reduce the impacts of the sto-
chastic charging and discharging schedules of PEVs on power
systems, a centralized dispatching mechanism for charging and
discharging PEVs could be very helpful.

Some recent simulation experiments have demonstrated that
the output power of a PEV in the charging or discharging condi-
tions approximately follows the normal distribution [19]. Thus,
in off-peak load periods, the output power of a charging PEV
could be described as ; in peak load
periods, the output power of a discharging PEV could be de-
scribed as .

B. Output-Power Uncertainty of Wind Generating Units

A large number of experiments have demonstrated that the
stochastic wind speed in most regions approximately follows
the Weibull distribution, and this conclusion is employed in
this paper. Suppose that the stochastic wind speed follows a
Weibull distribution with the following probability den-
sity function [20]:

(1)

where and are, respectively, the shape index and the scale
index of the Weibull distribution. Equation (1) could be depicted
as Fig. 2.

Based on the known probability distribution function of the
wind speed, the relationship between the output power of a wind
generating unit and the wind speed [21] can be formulated as

(2)

where is the wind speed at the hub height of the wind unit;
and are, respectively, the cut-in wind speed, the

cut-out wind speed, and the rated wind speed; and is
the rated output power of the wind unit.

Thus, the relationship between the output power of a wind
unit and the wind speed at hub high could be shown as Fig. 3.

C. Output-Power Uncertainty of Solar Generating Sources

The illumination intensity is usually considered the dominant
factor of affecting the output power of a solar generating source.
Suppose that the stochastic illumination intensity follows the
Weibull distribution . and are determined by the
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Fig. 3. Relationship between a wind unit’s output power and the wind speed.

Fig. 4. Relationship between the output power of a solar generating source and
the illumination intensity.

historical data in the local area associated. Thus, the relationship
between the illumination intensity and the output power of a
solar generating source can be described as [22]

(3)

where is the illumination intensity, is the rated value, and
is the rated output power of the solar cells.

Thus, the relationship between the output power of a solar
generating source and the illumination intensity could be shown
as in Fig. 4.

D. Uncertainty of Future Load Growth

Suppose that the original load at node is , and
the load growth at this node in the year of the planning
period is and follows the normal distribution (i.e.,

[23]). Thus, the load at node in
year is .

E. Uncertainty of Fuel Prices

For the fueled DGs, such as microturbines, the operating costs
mainly consist of fuel (coal, oil, gas, etc.) costs. However, the
fuel price in the future is affected by many factors and could not
be accurately forecasted.

Generally, the volatile fuel price is deemed to follow the geo-
metric Brownian motion (GBM) [24]:

(4)

where is the fuel price in year , is the expected value
of the variation of the fuel price during the planning period,
is the standard deviation of the variation of the fuel price during
the planning period, is the standard Brownian motion, and

is the time step length and is specified to
be one year in this paper.

Hence, during the planning period, the fuel price in
year can be obtained according to (4) (i.e.,

)

(5)

where is the fuel price in year .

F. Uncertainty of Electricity Prices

In a retail market, the electricity price at the customer side
could be variable in the long term, but generally, an hourly or
even shorter period real-time pricing of electricity is still not
implemented in most retail markets around the globe. More-
over, the customer-side electricity price is still under regulated
by a governmental entity. Therefore, the electricity prices, such
as the on-grid price and retail price in year of
the planning period, are modeled as random variables following
GBM, such as (5) (i.e., and

).

III. MATHEMATICAL MODEL

As a branch of stochastic programming methods, CCP can
accommodate constraints with stochastic variables included,
and make decisions before stochastic variables are actually
observed. More details about CCP can be found in [25] and
[26].

A. Objective Function

In this paper, the objective function is defined to be the
minimization of the total costs associated with the DGs to be
planned, including the investment cost, operating cost, mainte-
nance cost, network loss cost, and capacity adequacy cost in the
planning period [27]. The mathematical model is described as

(6)

where
• ;
• and are weighting coefficients;
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• is the discount rate;
• is the total number of years in the planning period;
• and are, respectively, the investment

cost, maintenance cost, operating cost, and capacity ad-
equacy cost of DGs; is the network loss cost in the
planning period;

• represents the optimization variable included in
the planning scheme, denotes that there
will not be/there will be a DG built at node in year ;

• and are the installed capacities of
DGs at node in year and year , respectively;

• is the active output power of the generators at node
in year ;

• is the energy loss of the distribution system in year
;

• is the number of candidate DGs to be installed in the
distribution system;

• is the equivalent generation hours of the DG at
node in year ;

• is the per-unit capacity investment cost of the DG
at node in year ;

• is the per-unit operating cost of the DG at node
in year ;

• is the per-unit maintenance cost of the DG at node
in year .

Specifically speaking, for a renewable DG, ; for
a fuel-based DG, its operating cost is mainly composed of the
fuel cost, and can be obtained by (5). The operating
cost of an electric-vehicle charging station is determined by the
difference of the electricity purchasing cost in the charging time
and the electricity sale income in the discharging time. Thus,
the operating cost of per-unit capacity of an electric-vehicle
charging station at node can be obtained as shown in (7), at
the bottom of the page, where

• ;
• is the charging time of the PEV at node

in year at the valley/offpeak periods (other periods);
• is the discharging time of the PEV at

node in year at the peak periods (other periods);
• is the electricity price adjustment coef-

ficient for charging at the valley/offpeak periods (other pe-
riods) in year ;

• is the electricity price adjustment coef-
ficient for discharging at the peak periods (other periods)
in year .

To encourage the owners of electric vehicles to take part in the
centralized dispatching (i.e., charging in valley/offpeak periods
and discharging in peak periods), the electricity prices adjust-
ment coefficients for charging and discharging as represented
by and can be employed.

B. Weighting Coefficients

Due to the multiobjective feature of (6), an algorithm called
analytic hierarchy process (AHP) is employed here to determine
the optimal weighting coefficient for each objective. AHP was
proposed in 1970 and since then, it has gradually become an al-
gorithm with extensive applications in multiobjective compre-
hensive evaluations [28].

First, by comparing the importance of each of the two indices
(in this paper, indices refer to objectives), a pairwise comparison
matrix is formed with the scale from 1 to 9. A larger scale value
indicates that the index associated is more important. A pairwise
comparison matrix can be expressed as

...
...

...
. . .

...
(8)

where
• represents the index , and is the number indices;
• represents the importance com-

parison result between the index and itself;
•

represents the importance comparison result between
and .

Then, the weighting coefficient for each index can be calcu-
lated as

(9)

In a vector form, the weighting coefficients can be repre-
sented as .

Finally, the consistency of the pairwise comparison matrix
is checked as follows:

(10)

where
• is the consistency ratio, if , then the

weighting coefficient of each index calculated by (9) is rea-
sonable;

• is the consistency index ;
• is the random index, and for a different index number

, its values are given in [28];
• is the maximal eigenvalue of and can be calculated

by .

(7)
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Fig. 5. Flowchart of the GA-embedded Monte Carlo simulation procedure.

C. Chance Constraints

To maintain the secure operation of a distribution system, the
current in each feeder cannot exceed its limitation. However,
this limitation is not a strict constraint and can be violated in a
short time and to a certain degree. This can be properly handled
by a chance constraint

(11)

where
• is the current in the feeder between node and node

in year ;
• is the permitted maximal current limit in the feeder

between node and node during the planning period;
• is the number of nodes in the distribution system.

D. Equality Constraints

The equality constraints are the well-known load-flow equa-
tions as shown in (12) at the bottom of the page, where

• is the total active/reactive output power
of the generators at node (including the operating gener-
ators and the newly installed DGs) in year ;

• is the active/reactive load power at node in
year ;

• and are the voltage amplitudes at node and
node in year , respectively;

• is the conductance/susceptance between node
and node ;

• is the voltage angle between node and node in
year .

E. Inequality Constraints

The deterministic constraints considered here mainly include
the upper and lower limits of the active output power of DGs
(i.e., and ), the upper and lower limits of re-
active output power of DGs (i.e., and ), the
given permitted penetration capacities of DGs in the distribution
system (i.e., ), and the upper and lower voltage limits
at each node (i.e., and ).

(12)
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The inequality constraints considered here are formulated

(13)

F. Methodological Framework

The developed mathematical model of the CCP-based op-
timal siting and sizing of DGs can be formulated as

(14)

where
• is the decision-making vector;
• is a set of stochastic variables with known probability

distributions;
• is the objective function;
• is the optimal value of the objective function with the

given confidence level ;
• and are the given confidence levels;

are chance constraints;
• is the number of feeders in the distribution system;
• and represent the

above equality constraints and inequality constraints,
respectively;

• is the set of the minimal/maximal limits of
inequality constraints;

• represents the probability of the event included in
.

It should be mentioned that the developed methodological
framework in this paper could accommodate other uncertainties
and constraints as well.

IV. SOLVING STRATEGIES

A. Checking of Chance Constraints

In this paper, the well-established Monte Carlo simulation
procedure is employed to check if chance constraints hold when
a set of associated stochastic variables with their probability dis-
tribution functions is given. The detailed simulation procedures
are as follows.
Step 1) Set two counters (i.e., the number that chance con-

straints hold 0 and the sampling number ).
Step 2) Generate a set of possible values of associated sto-

chastic variables based on the known probability
distribution functions by using random number gen-
erators.

Step 3) Check the feasibility of chance constraints repre-
sented in (11) with the aforementioned set of the

Fig. 6. IEEE 37-node test feeder.

TABLE I
ORIGINAL LOADS

random values of associated stochastic variables in
each sampling procedure.

Step 4) Set if chance constraints hold by this
set of the possible values of associated stochastic
variables; otherwise, go to the next step.

Step 5) Repeat Steps 2)–5) for times.
Step 6) Calculate the value of , which is used to es-

timate the probability that chance constraints hold.
Step 7) Judge the feasibility of these chance constraints after

rounds of samplings. If and only if is
larger than or equal to the specified confidence level,
then the chance constraint holds [25], [29] and go to
the next step. Otherwise, terminate the Monte Carlo
simulation procedure.

Step 8) Select this set of possible values of associated sto-
chastic variables with the known probability distri-
bution functions in the above solving procedure as
a proper set of the feasible solutions respecting the
chance constraints and then terminate.
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TABLE II
PROBABILITY DISTRIBUTION PARAMETERS OF THE LOAD GROWTH

TABLE III
PROBABILITY DISTRIBUTION PARAMETERS OF THE OUTPUT POWER OF A PEV

TABLE IV
CANDIDATE SCHEMES FOR THE TYPES, SITING, AND SIZING OF DGs

Thus, the possible values of range from the specified
confidence level to 1.0 when chance constraints hold after
rounds of samplings during the Monte Carlo simulation proce-
dure.

B. Key Issues

For better understanding the solving strategies, some key is-
sues are clarified as follows.

1) The siting of renewable DGs is usually affected by many
environmental factors. In the candidate schemes for the
types, siting and sizing of DGs as shown in Table IV,
many factors are taken into account, including the available
wind resources, illumination intensity, environmental im-
pacts, geographic locations, and so on. In fact, mathemat-
ically, it is a very difficult issue to comprehensively model
the impacts of environmental factors in distribution system
planning, and extensive research efforts are still very de-
manding and will not be explored further in this paper.

2) In the sampling procedure, the possible sampling values of
stochastic variables, including the output power of a wind
generating unit, a solar generating source, and a PEV as
well as the load growth in year are generated on an hourly
basis. However, the fuel price, the ongrid price, and retail
price are generated on a yearly basis.

Thus, the installed capacity and the equivalent generation
hours of the DG at node in year can be obtained as

(15)

where
• is a random output power of a DG in each hour of

year during the sampling procedure, and is
its maximum value;

• is the minimal integer which is larger
than or equal to the value of ;

• to reduce the sample number, only some typical hours
are sampled in one year; is a correction parameter used
for converting sampling hours to 8760 h in one year.

C. Solving Steps

A Monte Carlo simulation embedded genetic-lgorithm
approach is employed to solve the optimization problem de-
scribed by (14). First, the chance constraints are dealt with
by the penalty function method. Second, the fitness function
is formed by the objective function and penalty constraints
together [27]. The detailed solving steps are as follows.
Step 1) Specify some parameters, including , and the

ones associated with the GA, such as the population
size , the crossover probability , and the mu-
tation probability , and the maximum-permitted
generation number .

Step 2) Randomly generate chromosomes and check
their feasibilities with Monte Carlo simulation.

Step 3) Update the chromosomes by crossover and mu-
tation operators according to the specified probabil-
ities and , and check their feasibilities again
with Monte Carlo simulation.
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TABLE V
RETAIL PRICES AND ON-GRID PRICES IN THE PLANNING PERIOD

TABLE VI
INVESTMENT AND MAINTENANCE COSTS OF A PLUG-IN EV AS WELL AS ELECTRICITY PRICE ADJUSTMENT COEFFICIENTS IN THE PLANNING PERIOD

Step 4) Calculate the objective function value of all such
chromosomes produced.

Step 5) Calculate the fitness value of each chromosome in
terms of the objective function value.

Step 6) Select the chromosomes in the current population by
the roulette wheel method.

Step 7) Repeat Steps 4)–7) for times.
Step 8) Select the best chromosome found in the above

solving procedure as the optimal solution of the
siting and sizing of DGs.

The flowchart of the GA-embedded Monte Carlo simulation
procedure is shown in Fig. 5.

V. CASE STUDIES

The IEEE 37-node test feeder [30], as shown in Fig. 6, is used
for demonstrating the developed model and method. A com-
puter program is developed in the Matlab 7.0 and Visual C++
6.0 environment.

Some parameters are specified as follows.
1) The planning period is 3; and the discount rate is

12%.
2) The reference voltage at the supply substation is 1.00. The

confidence levels are 0.90, 0.90.
3) The parameters associated with the original loads and the

probability distributions of the load growth are shown in
Tables I and II, respectively. The probability distributions
of the output power of a PEV are shown in Table III.

4) According to (8), the pairwise comparison matrix among
the five indices (investment cost, maintenance cost, oper-
ating cost, network-loss cost, and capacity adequacy cost)
in (6) is given as

Then, in terms of (9) and (10), the optimal weighting co-
efficients of the five indices are 0.34, 0.34,
0.11, 0.11, 0.10, and the consistency ratio
0.079 0.1.

5) For the wind generation, the cut-in, cut-out, and rated wind
speeds are, respectively, specified as

, and ; the shape index is
2.0; the scale index is 6.5.

6) For the photovoltaic generation, the rated illumination in-
tensity is 1000 W m , the shape index is 1.8,
and the scale index is 5.5.

7) The candidate schemes for the types, siting, and sizing of
DGs are shown in Table IV. In each year of the planning pe-
riod, the retail electricity price for consumers and on-grid
prices for DGs are shown in Table V. The investment and
maintenance costs of a plug-in electric vehicle as well as
the electricity price adjustment coefficients in the planning
period are shown in Table VI. The investment, mainte-
nance, and operating costs of renewable DGs and fueled
DGs in the planning period are shown in Tables VII and
VIII, respectively.

8) In the well-established Monte Carlo simulation embedded
genetic algorithm approach, the parameters are specified
as follows: 1000, 30, 0.3, 0.2,

500.
As mentioned before, a proper set of initial solutions is deter-

mined by the Monte Carlo simulation procedure when
is larger than or equal to the specified confidence level. Thus,
the possible value of is not less than the specified con-
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TABLE VII
INVESTMENT, MAINTENANCE, AND OPERATING COSTS OF RENEWABLE DGS IN THE PLANNING PERIOD

TABLE VIII
INVESTMENT, MAINTENANCE, AND OPERATING COSTS OF FUELED DGS IN

THE PLANNING PERIOD

Fig. 7. Convergence procedure of� �� in the Monte Carlo simulation pro-
cedure.

Fig. 8. Optimal sizing of each kind of DG in each year during the planning
period.

fidence level when chance constraints hold in this procedure.
The convergence procedure of is shown in Fig. 7.

The optimal siting and sizing of DGs in the planning period
under the given confidence levels of 0.90 and 0.90
are shown in Table IX. As shown in this table, the cost items

TABLE IX
OPTIMAL SITING AND SIZING OF DGS IN THE PLANNING PERIOD

Fig. 9. Proportion of the annually added capacity of each kind of DG during
the planning period.

associated with DGs, except the capacity adequacy cost, are re-
duced year by year. To meet the load growth in the planning pe-
riod, new DGs are built in this test feeder in each planning year.
Moreover, the sizing of each kind of DG follows an increasing
trend as shown in Fig. 8 and, as a result, the capacity adequacy
costs of DGs increase accordingly. This also indicates that the
power-supply reliability for customers improves even with the
increasing loads.

On the other hand, the network-loss ratio decreases from
2.87% to 1.56% in the planning period, as shown in Table IX,
and this represents a 45.64% reduction.

As shown in Fig. 9, the numbers of PEVs and new renewable
DGs are increasing more quickly in the planning period com-
pared with fueled DGs. The total costs of PEVs and renewable
DGs are declining gradually due to technology development,
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Fig. 10. Voltage variations at each node of the test feeder with added DGs in the planning period.

TABLE X
COST ITEMS IN THE PLANNING PERIOD

as shown in Tables VI and VII. It is known from Tables VIII
and X that although the investment and maintenance costs of
fueled DGs are also decreasing, the growth of their operating
costs caused by the increasing fueled price is much more than
those of PEVs and renewable DGs. Therefore, in the long run,
the fueled DGs will become less competitive.

From Fig. 10, it could be observed that in each year of the
planning period with newly added DGs, the voltage profile at
each node of the test feeder has been greatly improved.

The objective of the distribution system planning with DGs
considered in this paper is to find an optimal siting and sizing
of DGs in order to minimize a given objective function, with
many constraints well respected and uncertainties considered.
Simulation results demonstrate that the appropriate siting and
sizing of DGs could lead to many positive effects on the distri-
bution system concerned, such as the reduced total costs asso-
ciated with DGs, reduced network losses, and improved voltage
profiles and enhanced power-supply reliability.

VI. CONCLUSION

Under the chance-constrained programming framework, a
new mathematical model is developed to handle some uncer-
tainties, such as the stochastic output power of a PEV, that
of a wind generating unit, that of a solar generating source,
volatile fuel prices used by a fueled DG, and future uncertain
load growth in the optimal siting and sizing of DGs. Then, a
Monte Carlo simulation-embedded GA approach is presented
to solve the developed CCP model. Finally, the test results of
the IEEE 37-node test feeder demonstrate the feasibility and
effectiveness of the developed model and method.
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